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BERGMAN PROJECTIONS INDUCED BY DOUBLING WEIGHTS ON
THE UNIT BALL OF Cn
JUNTAO DU, SONGXIAO LI†, XIAOSONG LIU AND YECHENG SHI
ABSTRACT. The boundedness of Pω : L
∞(B) → B(B) and Pω(P+ω) : Lp(B, υdV)→
Lp(B, υdV) on the unit ball of Cn with p > 1 and ω, υ ∈ D are investigated in
this paper.
Keywords: Weighted Bergman space, Bergman projection, doubling weight.
1. INTRODUCTION
Let B be the open unit ball of Cn and S the boundary of B. When n = 1, B is the
open unit disk in the complex plane C and always denoted by D. Let H(B) denote
the space of all holomorphic functions on B. For any two points
z = (z1, z2, · · · , zn) and w = (w1,w2, · · · ,wn)
in Cn, define 〈z,w〉 = z1w1 + · · · + znwn and
|z| =
√
〈z, z〉 =
√
|z1|2 + · · · + |zn|2.
Suppose ω is a radial weight ( i.e., ω is a positive, measurable and integrable
function on [0, 1) and ω(z) = ω(|z|) for all z ∈ B). Let ωˆ(r) =
∫ 1
r
ω(t)dt. We say
that
• ω is a doubling weight, denoted by ω ∈ Dˆ, if there is a constant C > 0
such that
ωˆ(r) < Cωˆ(
1 + r
2
), when 0 ≤ r < 1;
• ω is a regular weight, denoted by ω ∈ R, if there exist C > 0 and δ ∈ (0, 1)
such that
1
C
<
ωˆ(t)
(1 − t)ω(t) < C, when t ∈ (δ, 1);
• ω is a rapidly increasing weight, denoted by ω ∈ I, if (see [10])
lim
r→1
ωˆ(r)
(1 − r)ω(r) = ∞;
• ω is a reverse doubling weight, denoted by ω ∈ Dˇ, if there exist K > 1 and
C > 1, such that
ωˆ(t) ≥ Cωˆ(1 − 1 − t
K
), t ∈ (0, 1). (1)
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See [9, 10] and the references therein for more details about I,R, Dˆ. Let D =
Dˆ ∩ Dˇ. More information about Dˇ andD can be found in [7, 14].
Let dσ and dV be the normalized surface and volume measures on S and B,
respectively. For 0 < p < ∞, the Hardy space Hp(B)(or Hp) is the space consisting
of all functions f ∈ H(B) such that
‖ f ‖Hp := sup
0<r<1
Mp(r, f ) < ∞,
where
Mp(r, f ) :=
(∫
S
| f (rξ)|pdσ(ξ)
) 1
p
, 0 < p < ∞.
H∞ is the space consisting of all f ∈ H(B) such that
‖ f ‖H∞ := sup
z∈B
| f (z)| < ∞.
For any f ∈ H(B), letℜ f be the radial derivative of f , that is,
ℜ f (z) =
n∑
k=1
zk
∂ f
∂zk
(z), z = (z1, z2, · · · , zn) ∈ B.
Then Bloch space B(B) consist of all f ∈ H(B) such that
‖ f ‖B(B) := | f (0)| + sup
z∈B
(1 − |z|2)|ℜ f (z)| < ∞.
When n = 1, ‖ · ‖B(D) is a little difference from the norm defined in classical way,
see [19] for example, but they are equivalent. We also keep B as the abbreviation
of B(B).
Suppose µ is a positive Borel measure on B and 0 < p < ∞. The Lebesgue
space Lp(B, dµ) consists of all measurable complex functions f on B such that | f |p
is integrable with respect to µ, that is, f ∈ Lp(B, dµ) if and only if
‖ f ‖Lp(B,dµ) :=
(∫
B
| f (z)|pdµ(z)
) 1
p
< ∞.
L∞(B, dµ) consists of all measurable complex functions f on B such that f is
essential bounded, that is, f ∈ L∞(B, dµ) if and only if
‖ f ‖L∞(B,dµ) := inf
E⊂B,µ(E)=0
sup
z∈B\E
| f (z)| < ∞.
More details about Lp(B, dµ) can be seen in [18,20]. For a positive and measurable
function ω on B, if ω ∈ L1(B, dV), letting dµ(z) = ω(z)dV(z), µ is a Borel measure
on B. Then, we will write Lp(B, dµ) as Lp(B, ωdV). When n = 1 and z ∈ D, let
dV(z) = 1
pi
dA(z) be the normalized area measure on D. Then we can define the
Lebesgue space on the unit disk in the same way.
In [10], J. Pela´ez and J. Ra¨ttya¨ introduced a new class of weighted Bergman
spaces, denoted by A
p
ω(D), which are induced by a rapidly increasing weight ω in
D. That is
Apω(D) = L
p(D, ωdA) ∩ H(D), where 0 < p < ∞.
3See [9–13, 15, 16] for more results on A
p
ω(D) with ω ∈ Dˆ. In [4], we extended the
Bergman space A
p
ω(D) to the unit ball B of C
n. That is,
Apω(B) = L
p(B, ωdA) ∩ H(B), where 0 < p < ∞.
For brief, let A
p
ω = A
p
ω(B). As a subspace of L
p(B, ωdV), the norm on A
p
ω will be
written as ‖ · ‖Apω . It is easy to check that Apω is a Banach space when p ≥ 1 and
a complete metric space with the distance ρ( f , g) = ‖ f − g‖p
A
p
ω
when 0 < p < 1.
When α > −1 and cα = Γ(n+α+1)Γ(n+1)Γ(α+1) , if ω(z) = cα(1 − |z|2)α, the space Apω becomes
the classical weighted Bergman space A
p
α, and we write dVα(z) = cα(1−|z|2)αdV(z).
When α = 0, A
p
0
= Ap is the standard Bergman space. See [18, 20] for the theory
of Hp and A
p
α.
When p = 2, the space A2ω is a Hilbert space with the inner product
〈 f , g〉A2ω =
∫
B
f (z)g(z)ω(z)dV(z), for all f , g ∈ A2ω.
In a standard way, for every z ∈ B, the point evaluation Lz f = f (z) is a bounded
linear functional on A2ω. Then, the Riesz representation theory shows that, there
exists a unique function Bωz such that
f (z) = 〈 f , Bωz 〉A2ω =
∫
B
f (w)Bωz (w)ω(w)dV(w), for all f ∈ A2ω.
So, for any f ∈ L1(B, ωdV), the Bergman projection Pω f is defined by
Pω f (z) =
∫
B
f (ξ)Bωz (ξ)ω(ξ)dV(ξ),
while the maximal Bergman projection P+ω is defined by
P+ω( f )(z) =
∫
B
f (ξ)
∣∣∣Bωz (ξ)∣∣∣ω(ξ)dV(ξ).
When ω(z) = cα(1 − |z|2)α(α > −1), Pω and P+ω are written as Pα and P+α , respec-
tively.
The study about the Bergman projection has a long history and important sense.
If s ∈ C such that Res > −1, for all f ∈ L1(B, dV), let
Ts f (z) =
Γ(n + s + 1)
Γ(n + 1)Γ(s + 1)
∫
B
(1 − |w|2)s
(1 − 〈z,w〉)n+1+s f (w)dV(w).
Obviously, when s = 0, we have T0 = P0. In [5], Forelli and Rudin proved that
if 1 ≤ p < ∞, Ts is bounded on Lp(B, dV) if and only if (1 + Res)p > 1. In [3],
Choe proved that, if p ≥ 1 and α > −1, Ts is bounded on Lp(B, dVα) if and only
if (1 + Res)p > 1 + α. In [8], Liu gave a sharp estimate about the norm of P0 on
Lp(B, dV). From [20, Theorem 2.11], we see that Pα is bounded on L
p(B, dVβ) if
and only if p(α + 1) > β + 1 when p ≥ 1, α, β ∈ (−1,∞).
In the setting of the unit disk, Bekolle´ and Bonami showed that, if 1 < p < ∞,
υ is positive on D and
∫
D
υ(z)dAα(z) < ∞, Pα : Lp(D, υdAα) → Lp(D, υdAα) is
bounded if and only if υ satisfies the Bekolle´-Bonami condition, see [1, 2]. The
result was extended in [17] for some ω ∈ R. In [13], for ω ∈ R, the Bergman
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projections Pω and the maximal Bergman projection P
+
ω on some analytic func-
tion spaces on D were studied. In [14], Pela´ez and Ra¨ttya¨ studied the Bergman
projection induced by radial weight on some analytic function spaces on D. They
showed that
• Pω : L∞(D, dA)→ B(D) is bounded if and only if ω ∈ Dˆ;
• Pω : L∞(D, dA)→ B(D) is bounded and onto if and only if ω ∈ D;
• If ω ∈ Dˆ and p > 1, P+ω : Lp(D, ωdA) → Lp(D, ωdA) is bounded if and
only if ω ∈ D;
• If 1 < p < ∞, ω ∈ Dˆ, υ is a radial weight, then the boundedness of
P+ω : L
p(D, υdA)→ Lp(D, υdA) implies ω, υ ∈ D.
Motivated by [13, 14], in this paper we investigate the boundedness of Pω :
L∞(B, dV) → B(B) and Pω(P+ω) : Lp(B, υdV) → Lp(B, υdV) on the unit ball of Cn
with p > 1 and ω, υ ∈ D.
This paper is organized as follows. In Section 2, we recall some results and
notations. In Section 3, we give some estimates for Bωz with ω ∈ Dˆ. In Section 4,
we investigate the boundedness of Pω and P
+
ω with ω ∈ D.
Throughout this paper, the letter C will denote a constant and may differ from
one occurrence to the other. The notation A . B means that there is a positive
constant C such that A ≤ CB. The notation A ≈ B means A . B and B . A.
2. PRELIMINARY RESULTS
For any ξ, τ ∈ B, let d(ξ, τ) = |1 − 〈ξ, τ〉| 12 . Then d(·, ·) is a nonisotropic metric.
For r > 0 and ξ ∈ S, let
Q(ξ, r) = {η ∈ S : |1 − 〈ξ, η〉| ≤ r2}.
Q(ξ, r) is a ball in S for all ξ ∈ S and r ∈ (0, 1). More information about d(·, ·) and
Q(ξ, r) can be found in [18, 20].
For any a ∈ B\{0}, let Qa = Q(a/|a|,
√
1 − |a|) and
S a = S (Qa) =
{
z ∈ B : z|z| ∈ Qa, |a| < |z| < 1
}
.
For convince, if a = 0, let Qa = S and S a = B. We call S a the Carleson block.
See [4] for more information about the Carleson block. As usual, for a measurable
set E ⊂ B, ω(E) =
∫
E
ω(z)dV(z).
Lemma 1. Suppose ω is a radial weight. Then
(i) The following statements are equivalent.
(a) ω ∈ Dˆ;
(b) there is a constant b > 0 such that
ωˆ(t)
(1−t)b is essentially increasing;
(c) for all x ≥ 1,
∫ 1
0
sxω(s)ds ≈ ωˆ(1 − 1
x
).
(ii) ω ∈ Dˇ if and only if there is a constant a > 0 such that ωˆ(t)
(1−t)a is essentially
decreasing.
5(iii) If ω is continuous, then ω ∈ R if and only if there are −1 < a < b < +∞ and
δ ∈ [0, 1), such that
ω(t)
(1 − t)b ր ∞, and
ω(t)
(1 − t)a ց 0, when δ ≤ t < 1. (2)
Lemma 1 plays an important role in this research and can be found in many
papers. Here, we refer to Lemmas B and C in [7] and observation (v) of Lemma
1.1 in [10].
For any radial weight ω, its associated weight ω∗ is defined by
ω∗(z) =
∫ 1
|z|
ω(s) log
s
|z| sds, z ∈ D\{0}.
The following lemma gives some properties and applications of ω∗.
Lemma 2. Assume that ω ∈ Dˆ. Then the following statements hold.
(i) ω∗(r) ≈ (1 − r)
∫ 1
r
ω(t)dt when r ∈ (1
2
, 1).
(ii) For any α > −2, (1 − t)αω∗(t) ∈ R.
(iii) ω(S a) ≈ (1 − |a|)n
∫ 1
|a| ω(r)dr.
(iv) ωˆ(z) ≈ ωˆ(a), if 1
C
<
1−|z|
1−|a| < C for some fixed C > 1.
Proof. (i) and (ii) are Lemmas 1.6 and 1.7 in [10], respectively. (iii) was proved
in [4]. (iv) can be proved straightly by (i), (ii) and Lemma 1. For the benefit of
readers, we give a detailed proof.
Suppose ω ∈ Dˆ. Then there exist a, b > −1 and δ ∈ (0, 1) such that (2) holds for
ω∗. Then, for all δ < x ≤ y < 1 such that 1
C
≤ 1−x
1−y ≤ C, we have
1 ≈
(
1 − x
1 − y
)a
≤ ω
∗(x)
ω∗(y)
≤
(
1 − x
1 − y
)b
≈ 1.
If x ≤ δ and 1
C
≤ 1−x
1−y ≤ C, ωˆ(x) ≈ ωˆ(y) is obvious. So, we have
ωˆ(z) ≈ ωˆ(a), if 1
C
<
1 − |z|
1 − |a| < C.
The proof is complete. 
For a Banach space or a complete metric space X and a positive Borel measure µ
onB, µ is a q−Carleson measure for X means that the identity operator Id : X → Lqµ
is bounded. When 0 < p ≤ q < ∞ and ω ∈ Dˆ, a characterization of q−Carleson
measure for A
p
ω was obtained in [4].
Theorem A. Let 0 < p ≤ q < ∞, ω ∈ Dˆ, and µ be a positive Borel measure on B.
Then µ is a q-Carleson measure for A
p
ω if and only if
sup
a∈B
µ(S a)
(ω(S a))
q
p
< ∞. (3)
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Moreover, if µ is a q-Carleson measure for A
p
ω, then the identity operator Id :
A
p
ω → Lqµ satisfies
‖Id‖q
A
p
ω→Lqµ
≈ sup
a∈B
µ(S a)
(ω(S a))
q
p
.
3. SOME ESTIMATES ABOUT Bωz WITH ω ∈ Dˆ
In this section, we consider the reproducing kernel of A2ω and give some esti-
mates for it. First, let’s recall some notations. For all f ∈ H(B), the Taylor series
of f at origin, which converges absolutely and uniformly on each compact subset
of B, is
f (z) =
∑
m
amz
m, z ∈ B.
Here the summation is over all multi-indexs m = (m1,m2, · · · ,mn), where each mk
is a nonnegative integer and zm = zm1
1
z
m2
2
· · · zmnn . Let |m| = m1+m2 + · · ·+mn, m! =
m1!m2! · · ·mn!, and fk(z) = ∑|m|=k amzm. Then the Taylor series of f can be written
as
f (z) =
∞∑
k=0
fk(z),
which is called the homogeneous expansion of f .
Lemma 3. Suppose ω ∈ Dˆ. Then,
Bωz (w) =
1
2n!
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
〈w, z〉k,
and
‖Bωz ‖B ≈
1
ω(S z)
≈ ‖Bωz ‖H∞ , z ∈ B.
Here and henceforth, ωs =
∫ 1
0
rsω(r)dr.
Proof. Suppose f ∈ A2ω and
f (z) =
∑
m
amz
m, z ∈ B.
For any fixed z ∈ B, let
Bωz (w) =
∑
m
bm(z)w
m.
By Lemmas 1.8 and 1.11 in [20], we have
f (z) =
∫
B
f (w)Bωz (w)ω(w)dV(w)
= 2n
∑
m
(n − 1)!m!
(n − 1 + |m|)!ambm(z)
∫ 1
0
r2n+2|m|−1ω(r)dr
= 2n!
∑
m
m!
(n − 1 + |m|)!ambm(z)ω2n+2|m|−1.
7Since f is arbitrary,
zm =
2n!m!
(n − 1 + |m|)!ω2n+2|m|−1bm(z).
Therefore, we have
Bωz (w) =
1
2n!
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
∑
|m|=k
|m|!
m!
wmz
m
=
1
2n!
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
〈w, z〉k.
Then,
ℜBωz (w) =
1
2n!
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1 〈w, z〉
k.
By Stirling estimate and Lemma 1, when 1
2
≤ |z| < 1, we have
|Bωz (w)| .
∞∑
k=1
kn−1|z|k
ω2n+2k−1
≈
∞∑
k=n
(k + 1)n−1|z|k
ω2k+1
,
and
|ℜBωz (z)| ≈
∞∑
k=1
kn|z|2k
ω2n+2k−1
≈
∞∑
k=n+1
(k + 1)n|z|2k
ω2k+1
.
Let ωˆα(t) = (1 − t)αωˆ(t) for any fixed α ∈ R. Using (20) in [13] and Lemma 2, we
have
∞∑
k=n
(k + 1)n−1|z|k
ω2k+1
≈
∫ |z|
0
1
ωˆn+1(t)
dt .
1
(1 − |z|)nωˆ(z) ≈
1
ω(S z)
,
and
∞∑
k=n
(k + 1)n|z|2k
ω2k+1
≈
∫ |z|2
0
1
(1 − t)n+2ωˆ(t)dt.
By Lemma 1, there exists a constant b > 0 such that
ωˆ(t)
(1−t)b is essentially increasing.
So, by Lemma 2,∫ |z|2
0
1
(1 − t)n+2ωˆ(t)dt &
(1 − |z|2)b
ωˆ(|z|2)
∫ |z|2
0
1
(1 − t)n+2+bdt ≈
1
(1 − |z|)ω(S z) .
Therefore, when 1
2
≤ |z| < 1, we have
‖Bωz ‖H∞ .
1
ω(S z)
,
1
ω(S z)
. ‖Bωz ‖B. (4)
When |z| < 1
2
, since ω(S z) ≈ 1, ‖Bωz ‖B ≥ |Bωz (0)| & 1, and
|Bωz (w)| ≤
1
2n!
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
1
2k
< ∞,
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(4) also holds. By the well known fact that ‖ f ‖B . ‖ f ‖H∞, we obtain the desired
result. The proof is complete. 
Lemma 4. Let 0 < p < ∞, ω ∈ Dˆ. Then the following assertions hold.
(i) When |rz| > 1
4
, we have
Mpp(r, B
ω
z ) ≈
∫ r|z|
0
1
ωˆ(t)p(1 − t)np−n+1dt,
and
Mpp(r,ℜBωz ) ≈
∫ r|z|
0
1
ωˆ(t)p(1 − t)(n+1)p−n+1 dt.
(ii) If υ ∈ Dˆ, when |z| > 6
7
, we have
‖Bωz ‖pApυ ≈
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)np−n+1dt,
and
‖ℜBωz ‖pApυ ≈
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)(n+1)p−n+1 dt.
Proof. When n = 1, the theorem was proved in [13], so we always assume n ≥ 2.
Since we will use some results on A
p
ω(D), for brief, the symbol A
p
ω only means
A
p
ω(B) with n ≥ 2. Meanwhile, let Bω,1z denote the reproducing kernel of A2ω(D).
Recall that, on the unit disk, dAα(z) = cα(1 − |z|2)αdA(z), where dA(z) is the nor-
malized area measure on D.
By Lemma 3, we have
ℜBωz (w) =
1
2n!
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1
〈w, z〉k.
Let e1 = (1, 0, · · · , 0). When |rz| > 0, by rotation transformation and Lemma 1.9
in [20], we have
Mpp(r,ℜBωz ) = Mpp(r,ℜBω|z|e1) =
1
2n!
∫
S
∣∣∣∣∣∣∣
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1 〈rη, |z|e1〉
k
∣∣∣∣∣∣∣
p
dσ(η)
≈
∫
D
∣∣∣∣∣∣∣
∞∑
k=1
(n − 1 + k)!
(k − 1)!ω2n+2k−1 (r|z|ξ)
k
∣∣∣∣∣∣∣
p
(1 − |ξ|2)n−2dA(ξ)
=
1
|rz|(n−1)p
∫
D
∣∣∣∣∣∣∣
∞∑
k=1
|rz|n+k−1(ξn+k−1)(n)
ω2(n+k−1)+1
∣∣∣∣∣∣∣
p
|ξ|pdAn−2(ξ)
≈ 1|rz|(n−1)p
∫
D
∣∣∣∣∣∣∣
∞∑
k=0
|rz|k(ξk)(n)
ω2k+1
∣∣∣∣∣∣∣
p
dAn−2(ξ)
=
1
|rz|(n−1)p ‖(B
ω,1
r|z| )
(n)‖p
A
p
n−2(D)
.
9When r|z| > 1
4
, by Theorem 1 in [13], we have
Mpp(r,ℜBωz ) ≈
∫ r|z|
0
(1 − t)n−1
ωˆ(t)p(1 − t)p(n+1)dt =
∫ r|z|
0
1
ωˆ(t)p(1 − t)p(n+1)−n+1dt.
Therefore, when |z| > 6
7
, by Fubini’s theorem, we have
‖ℜBωz ‖pApυ ≈
∫ 1
1
2
r2n−1υ(r)Mpp(r,ℜBωz )dr =
∫ |z|
0
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr
ωˆ(t)p(1 − t)p(n+1)−n+1 dt.
When 0 ≤ t ≤ |z|
2
, we have
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr =
∫ 1
1
2
r2n−1υ(r)dr ≈ 1 ≈ υˆ(t). (5)
When |z|
2
≤ t ≤ |z|, we have
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr =
∫ 1
t
|z|
r2n−1υ(r)dr ≤ υˆ(t). (6)
By υ ∈ Dˆ and Lemma 1, there exists a constant b > 0 such that υˆ(t)
(1−t)b is essentially
increasing. So,
∫ |z|
|z|
2
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr
ωˆ(t)p(1 − t)p(n+1)−n+1dt &
∫ 2|z|−1
|z|
2
υˆ( t|z| )
ωˆ(t)p(1 − t)p(n+1)−n+1 dt
&
∫ 2|z|−1
|z|
2
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1
1 −
t
|z|
1 − t

b
dt
&
∫ 2|z|−1
|z|
2
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt, (7)
where the last estimate follows by
1
|z|
|z| − t
1 − t ≥
1
|z|
|z| − (2|z| − 1)
1 − (2|z| − 1) & 1, for all t ∈ (
|z|
2
, 2|z| − 1) and |z| > 6
7
.
Meanwhile, by ω, υ ∈ Dˆ and Lemma 2, we have
∫ 2|z|−1
|z|
2
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt ≥
∫ 2|z|−1
4|z|−3
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1dt
≈ υˆ(2|z| − 1)
ωˆ(2|z| − 1)p(1 − |z|)p(n+1)−n
≈
∫ |z|
2|z|−1
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt. (8)
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By (7) and (8), we have
∫ |z|
|z|
2
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr
ωˆ(t)p(1 − t)p(n+1)−n+1 dt &2
∫ 2|z|−1
|z|
2
υˆ(t)dt
ωˆ(t)p(1 − t)p(n+1)−n+1 dt
&

∫ 2|z|−1
|z|
2
+
∫ |z|
2|z|−1
 υˆ(t)dt
ωˆ(t)p(1 − t)p(n+1)−n+1 dt
=
∫ |z|
|z|
2
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt. (9)
So, if |z| > 6
7
, by (5) and (6), we have
∫ |z|
0
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr
ωˆ(t)p(1 − t)p(n+1)−n+1 dt .
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt,
and by (5) and (9), we get
∫ |z|
0
∫ 1
max{ t|z| , 12 }
r2n−1υ(r)dr
ωˆ(t)p(1 − t)p(n+1)−n+1 dt &
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt.
Therefore,
‖ℜBωz ‖pApυ ≈
∫ |z|
0
υˆ(t)
ωˆ(t)p(1 − t)p(n+1)−n+1 dt.
The rest of the lemma can be proved in the same way. The proof is complete. 
4. MAIN RESULTS AND PROOFS
In this section, we give main results and proofs in this paper. We should note
that, if ω ∈ Dˆ, we have
‖ f ‖L∞(B,ωdV) = ‖ f ‖L∞(B,dV).
So, let L∞ = L∞(B, ωdV) = L∞(B, dV) in this section.
Theorem 1. When ω ∈ D, Pω : L∞ → B is bounded and onto.
Proof. For all f ∈ L∞, by Lemma 4, we have
|ℜ(Pω f )(z)| ≤
∫
B
| f (w)||ℜBωz (w)|ω(w)dV(w) ≤ ‖ f ‖L∞‖ℜBωz ‖A1ω .
‖ f ‖L∞
1 − |z| .
So, Pω : L
∞ → B is bounded.
By (19) in [4], we have
‖ f ‖2
A2ω
= ω(B)| f (0)|2 + 4
∫
B
|ℜ f (z)|2
|z|2n ω
n∗(z)dV(z),
where
ωn∗(z) :=
∫ 1
|z|
r2n−1 log
r
|z|ω(r)dr.
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So, for f , g ∈ A2ω, we have
〈 f , g〉A2ω = ω(B) f (0)g(0) + 4
∫
B
ℜ f (z)ℜg(z)
|z|2n ω
n∗(z)dV(z).
Let
W1(t) :=
ωˆ(t)
1 − t , and W1(z) := W1(|z|).
Sinceω ∈ D, by Lemma 1, there are constants a, b > 0 such that ωˆ(t)
(1−t)a is essentially
decreasing and
ωˆ(t)
(1−t)b is essentially increasing. Thus, we have
∫ 1
r
ωˆ(t)
1 − t dt .
ωˆ(r)
(1 − r)a
∫ 1
r
(1 − t)a−1dt ≈ ωˆ(r),
and ∫ 1
r
ωˆ(t)
1 − t dt &
ωˆ(r)
(1 − r)b
∫ 1
r
(1 − t)b−1dt ≈ ωˆ(r).
Then,
Wˆ1(r) =
∫ 1
r
ωˆ(t)
1 − tdt ≈ ωˆ(r) = (1 − t)W1(t).
Therefore, W1 ∈ R. By Lemma 2 and Theorem A, ‖ · ‖Apω ≈ ‖ · ‖ApW1 . Then for all
p > 0, by Theorem 1 in [6] we get
‖ f ‖p
A
p
ω
≈ | f (0)|p +
∫
B
|ℜ f (z)|p(1 − |z|)pW1(z)dV(z).
For any f ∈ H(B) and |z| ≤ 1
2
, let fr(z) = f (rz) for r ∈ (0, 1). By Cauchy’s fomula,
see [20, Theorem 4.1] for example, we have
f (z) = f 3
4
(
4z
3
) =
∫
S
f 3
4
(η)
(1 − 〈4z
3
, η〉)ndσ(η).
After a calculation, when |z| ≤ 1
2
,
| f (z)| ≤ ‖ f ‖A1ω, |ℜ f (z)| . |z|‖ f 34 ‖H∞ , and |ℜ f (z)| . |z|‖ f ‖A1ω.
We note that, when |z| ≥ 1
2
, we have
ωn∗(z) =
∫ 1
|z|
t2n−1 log
t
|z|ω(t)dt ≈
∫
|z|
t1 log
t
|z|ω(t)dt = ω
∗(z).
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So, if g ∈ B and f ∈ A1ω, using Lemma 2, there exists a C = C(n, ω, g), such that
|〈 fr, g〉A2ω | ≤ C
‖ fr‖A1ω + ‖ fr‖A1ω
∫
1
2
B
ωn∗(z)
|z|2n−2 dV(z) +
∫
B\ 1
2
B
|ℜ fr(z)ℜg(z)|
|z|2n ω
n∗(z)dV(z)

≈ ‖ fr‖A1ω +
∫
B\ 1
2
B
|ℜ fr(z)ℜg(z)|(1 − |z|)ωˆ(z)dV(z)
≤ ‖ fr‖A1ω + ‖g‖B
∫
B
|ℜ fr(z)|ωˆ(z)dV(z)
≈ ‖ fr‖A1ω + ‖g‖B
∫
B
|ℜ fr(z)|(1 − |z|)W1(z)dV(z)
. ‖ f ‖A1ω + ‖g‖B‖ f ‖A1ω.
Therefore, g ∈ B induce an element Fg in (A1ω)∗ by the formula Fg( f ) = lim
r→1
〈 fr, g〉A2ω
for all f ∈ A1ω.
On the other hand, the Hahn-Banach theorem and the well known fact (see [19,
Theorem 1.1] for example) that
(L1(B, ωdV))∗ ≃ L∞(B, ωdV)
guarantee the existence of ϕ ∈ L∞ such that
lim
r→1
〈 fr, g〉A2ω = Fg( f ) =
∫
B
f (z)ϕ(z)ω(z)dV(z) = lim
r→1
∫
B
fr(z)ϕ(z)ω(z)dV(z)
for all f ∈ A1ω. Since Pω is self-adjoint and Pω( fr) = fr, we have∫
B
fr(z)ϕ(z)ω(z)dV(z) =
∫
B
Pω( fr)(z)ϕ(z)ω(z)dV(z) =
∫
B
fr(z)Pω(ϕ)(z)ω(z)dV(z).
By the first part of the proof, Pωϕ ∈ B. Thus, g − Pωϕ ∈ B and represents the zero
functional. So, g = Pωϕ. The proof is complete. 
Remark 1. By the above proof, if ω ∈ Dˆ, then Pω : L∞ → B is bounded.
Theorem 2. Suppose 1 < p < ∞ and ω, υ ∈ D. Let q = p
p−1 . Then the following
statements are equivalent:
(i) P+ω : L
p
υ → Lpυ is bounded;
(ii) Pω : L
p
υ → Lpυ is bounded;
(iii) M := sup
0≤r<1
υˆ(r)
1
p
ωˆ(r)
(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
) 1
q
< ∞;
(iv) N := sup
0≤r<1
(∫ r
0
υ(s)
ωˆ(s)p
s2n−1ds + 1
) 1
p
(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
) 1
q
< ∞.
Proof. When n = 1, the theorem was proved in [14]. So, we always assume that
n ≥ 2.
(i) ⇒ (ii). It is obvious.
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(ii) ⇒ (iii). Suppose that (ii) holds. Let P∗ω be the adjoint of Pω with respect to
〈·, ·〉L2υ. For all f , g ∈ L∞, by Fubini’s Theorem, we have
〈 f , P∗ωg〉L2υ = 〈Pω f , g〉L2υ =
∫
B
Pω f (z)g(z)υ(z)dV(z)
=
∫
B
(∫
B
f (ξ)Bωz (ξ)ω(ξ)dV(ξ)
)
g(z)υ(z)dV(z)
=
∫
B
(∫
B
g(z)Bωz (ξ)υ(z)dV(z)
)
f (ξ)ω(ξ)dV(ξ)
=
∫
B
ω(ξ)
υ(ξ)
∫
B
g(z)Bωz (ξ)υ(z)dV(z)
 f (ξ)υ(ξ)dV(ξ).
Since L∞ is dense in Lpυ and L
q
υ, then we have
P∗ω(g) =
ω(ξ)
υ(ξ)
∫
B
g(z)Bωz (ξ)υ(z)dV(z), g ∈ Lqυ. (10)
By hypothesis, P∗ω is bounded on L
q
υ. Let g j(z) = z
j
1
, where z = (z1, z2, · · · , zn) and
j ∈ N ∪ {0}. By Lemma 1.11 in [20] and Lemma 3, we have
P∗ω(g j)(ξ) =
ω(ξ)
υ(ξ)
∫
B
g j(z)B
ω
z (ξ)υ(z)dV(z)
=
1
2n!
ω(ξ)
υ(ξ)
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
∫
B
g j(z)〈ξ, z〉kυ(z)dV(z)
=
2n
2n!
ω(ξ)
υ(ξ)
∞∑
k=0
(n − 1 + k)!
k!ω2n+2k−1
∫ 1
0
r2n+k+ j−1υ(r)dr
∫
S
η
j
1
〈ξ, η〉kdσ(η)
= ξ
j
1
ω(ξ)
υ(ξ)
υ2n+2 j−1
ω2n+2 j−1
(n − 1 + j)!
j!(2n − 1)!
(n − 1)! j!
(n − 1 + j)!
= ξ
j
1
ω(ξ)
υ(ξ)
υ2n+2 j−1
ω2n+2 j−1
(n − 1)!
(2n − 1)! .
By Lemmas 1 and 2, we obtain
‖g j‖qLqυ =
∫
B
|z1|q jυ(z)dV(z) = 2n
∫ 1
0
r2n+q j−1υ(r)dr
∫
S
|η1|q jdσ(η)
= 2nυ2n+q j−1
∫
S
|η1|q jdσ(η)
≈ υ2n+2 j−1
∫
S
|η1|q jdσ(η),
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and
‖P∗ω(g j)(ξ)‖qLqυ =
(
(n − 1)!
(2n − 1)!
υ2n+2 j−1
ω2n+2 j−1
)q ∫
B
|ξ1| jq ω
q(ξ)
υq−1(ξ)
dV(ξ)
≈
(
υ2n+2 j−1
ω2n+2 j−1
)q ∫ 1
0
r2n+q j−1
ωq(r)
υq−1(r)
dr
∫
S
|η1| jqdσ(η)
& ‖g j‖qLqυ
υ
q−1
2n+2 j−1
ω
q
2n+2 j−1
∫ 1
1− 1
2 j+1
ωq(r)
υq−1(r)
r2n−1dr
≈ ‖g j‖qLqυ
υ
q−1
2 j+1
ω
q
2 j+1
∫ 1
1− 1
2 j+1
ωq(r)
υq−1(r)
r2n−1dr.
Let r j = 1 − 12 j+1 . We get
‖P∗ω(g j)(ξ)‖qLqυ & ‖g j‖
q
L
q
υ
υˆ(r j)
q−1
ωˆ(r j)q
∫ 1
r j
ωq(r)
υq−1(r)
r2n−1dr.
Let
H(t) =
υˆ(t)q−1
ωˆ(t)q
∫ 1
t
ωq(r)
υq−1(r)
r2n−1dr.
When r j ≤ t < r j+1, we have H(t) . H(r j). Thus, by the assumption, we have get
supt≥0 H(t) < ∞ as desired.
(iii)⇒ (i). Suppose that (iii) holds. For all z ∈ B, let
h(z) = υ(z)
1
p
(∫ 1
|z|
ω(s)q
υ(s)q−1
s2n−1ds
) 1
pq
.
By the hypothesis, we have
∫ 1
t
(
ω(s)
h(s)
)q
s2n−1ds = q
(∫ 1
t
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
. M
ωˆ(t)
υˆ(t)
1
p
. (11)
If r|z| ≤ 1
4
, by Lemma 3, we have
M1(r, B
ω
z ) ≤ ‖Bωrz‖H∞ ≈
1
ωˆ(S rz)
≈ 1.
If r|z| > 1
4
, by Lemma 1, there exists a constant a > 0 such that ωˆ(t)
(1−t)a is essentially
decreasing. Then by Lemma 4, we have
M1(r, B
ω
z ) .
∫ r|z|
0
dt
ωˆ(t)(1 − t) .
(1 − r|z|)a
ωˆ(r|z|)
∫ r|z|
0
dt
(1 − t)a+1 ≈
1
ωˆ(r|z|) .
So, for all r ∈ (0, 1) and z ∈ B, we have
M1(r, B
ω
z ) . 1 +
∫ r|z|
0
1
ωˆ(t)(1 − t)dt .
1
ωˆ(r|z|) . (12)
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Hence, by (11), (12), Fubini’s theorem and Lemma 1, we obtain∫
B
|Bωz (ξ)|
(
ω(ξ)
h(ξ)
)q
dV(ξ) =2n
∫ 1
0
(
ω(r)
h(r)
)q
r2n−1M1(r, B
ω
z )dr
.
∫ 1
0
(
ω(r)
h(r)
)q
r2n−1
(
1 +
∫ r|z|
0
1
ωˆ(t)(1 − t)dt
)
dr
.M
ωˆ(0)
υˆ(0)
1
p
+
∫ |z|
0
1
ωˆ(t)(1 − t)
∫ 1
t
|z|
(
ω(r)
h(r)
)q
r2n−1drdt
≤M ωˆ(0)
υˆ(0)
1
p
+
∫ |z|
0
1
ωˆ(t)(1 − t)
∫ 1
t
(
ω(r)
h(r)
)q
r2n−1drdt
.M + M
∫ |z|
0
1
υˆ(t)
1
p (1 − t)
dt .
M
υˆ(|z|) 1p
.
Therefore, by Ho¨lder’s inequality and Fubini’s theorem we get
‖P+ω( f )‖pLpυ =
∫
B
υ(z)
∣∣∣∣∣
∫
B
f (ξ)|Bωz (ξ)|ω(ξ)dV(ξ)
∣∣∣∣∣
p
dV(z)
≤
∫
B
(∫
B
| f (ξ)|ph(ξ)p|Bωz (ξ)|dV(ξ)
) (∫
B
|Bωz (ξ)|
(
ω(ξ)
h(ξ)
)q
dV(ξ)
) p
q
υ(z)dV(z)
. M
p
q
∫
B
(∫
B
| f (ξ)|ph(ξ)p|Bωz (ξ)|dV(ξ)
)
υ(z)
υˆ(z)
1
q
dV(z)
= M
p
q
∫
B
| f (ξ)|ph(ξ)p

∫
B
|Bωz (ξ)|
υ(z)
υˆ(z)
1
q
dV(z)
 dV(ξ). (13)
Since |Bωz (ξ)| = |Bωξ (z)|, by (12), we have
∫
B\|ξ|B
|Bωz (ξ)|
υ(z)
υˆ(z)
1
q
dV(z) .
∫ 1
|ξ|
υ(r)
υˆ(r)
1
q
M1(r, B
ω
ξ )dr .
υˆ(ξ)
1
p
ωˆ(ξ)
, (14)
and∫
|ξ|B
|Bωz (ξ)|
υ(z)
υˆ(z)
1
q
dV(z) .
∫ |ξ|
0
υ(r)
υˆ(r)
1
q
1
ωˆ(r|ξ|)r
2n−1dr .
∫ |ξ|
0
υ(r)
υˆ(r)
1
q ωˆ(r)
r2n−1dr.
(15)
By the assumption, we have
∫ 1
0
ω(s)q
υ(s)q−1
s2n−1ds < ∞,
∫ 1
2
0
υ(t)
ωˆ(t)p
t2n−1dt > 0,
∫ 1
1
2
υ(t)
ωˆ(t)p
t2n−1dt > 0. (16)
Then when r ≤ 1
2
, we have
ωˆ(r) ≈ 1 ≈ υˆ(r) 1p
(∫ 1
r
ω(t)q
υ(t)q−1
t2n−1dt
) 1
q
.
16 JUNTAO DU, SONGXIAO LI†, XIAOSONG LIU AND YECHENG SHI
When r > 1
2
, by Ho¨lder’s inequality, we have
ωˆ(r) =
∫ 1
r
ω(t)dt ≤ υˆ(r) 1p
(∫ 1
r
ω(t)q
υ(t)q−1
dt
) 1
q
≈ υˆ(r) 1p
(∫ 1
r
ω(t)q
υ(t)q−1
t2n−1dt
) 1
q
.
Then, for all r ∈ (0, 1), we have
ωˆ(r)p
υˆ(r)
∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt .
(∫ 1
r
ω(t)q
υ(t)q−1
t2n−1dt
) p
q
∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt.
We claim
K∗ := sup
0≤r<1
(∫ 1
r
ω(t)q
υ(t)q−1
t2n−1dt
) 1
q
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
< ∞. (17)
Taking this for granted for a moment. Then,
∫ |ξ|
0
υ(r)
υˆ(r)
1
q ωˆ(r)
r2n−1dr ≤
∫ |ξ|
0
υ(r)
ωˆ(r)
 K
p
∗
ωˆ(r)p
∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt

1
q
r2n−1dr
= Kp−1∗
∫ |ξ|
0
υ(r)
ωˆ(r)p
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
)− 1
q
r2n−1dr
≈ Kp−1∗
(∫ |ξ|
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
. (18)
By (14), (15), (17) and (18), we have
h(ξ)p
∫
B\|ξ|B
|Bωz (ξ)|
υ(z)
υˆ(z)
1
q
dV(z) . υ(ξ)
(∫ 1
|ξ|
ω(t)q
υ(t)q−1
t2n−1dt
) 1
q υˆ(ξ)
1
p
ωˆ(ξ)
≤ Mυ(ξ), (19)
and
h(ξ)p
∫
|ξ|B
|Bωz (ξ)|
υ(z)
υˆ(z)
1
q
dV(z) . Kp−1∗ υ(ξ)
(∫ 1
|ξ|
ω(t)q
υ(t)q−1
t2n−1dt
) 1
q
(∫ |ξ|
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
≤ Kp∗ υ(ξ). (20)
So, by (13), (19) an (20), we obtain
‖P+ω( f )‖pLpυ .
∫
B
| f (ξ)|pυ(ξ)dV(ξ) = ‖ f ‖p
L
p
υ
.
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Now, we prove that (17) holds. Assume r > 1
2
. An integration by parts and
Ho¨lder’s inequality give∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt ≤
∫ 1
2
0
υ(t)
ωˆ(t)p
dt +
∫ r
1
2
υ(t)
ωˆ(t)p
dt
.1 +
∫ r
1
2
υˆ(t)
ωˆ(t)p
ω(t)
υ(t)
1
p
υ(t)
1
p
ωˆ(t)
t2n−1dt
≤1 +

∫ r
0
 υˆ(t)ωˆ(t)p
ω(t)
υ(t)
1
p

q
t2n−1dt

1
q
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
=1 + J
1
q
1
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
,
where
J1 =
∫ r
0
 υˆ(t)ωˆ(t)p
ω(t)
υ(t)
1
p

q
t2n−1dt.
Since
J1 =
∫ r
0
 υˆ(t)
1
p
ωˆ(t)
(∫ 1
t
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q

pq ω(t)q
υ(t)q−1(∫ 1
t
ω(s)q
υ(s)q−1 s
2n−1ds
)p t2n−1dt
.
Mpq(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
)p−1 ,
we obtain∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt . 1 + Mp
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
)− p
q2
.
Then(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
. 1 + M
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p2
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
)− 1
q2
.
Multiply the expression by
(∫ 1
r
ω(s)q
υ(s)q−1 s
2n−1ds
) 1
q
, we have
J2(r) .
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
+ MJ2(r)
1
p ,
where,
J2(r) =
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
.
Using (16), we have
J2(r)
1
q .
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q2
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
)− 1
p2
+ M < ∞.
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Therefore,
sup
r> 1
2
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
(∫ r
0
υ(t)
ωˆ(t)p
t2n−1dt
) 1
p
< ∞.
When r ≤ 1
2
, (17) holds obviously.
(iii)⇒ (iv). Using (16) and (17), we can get the desired result.
(iv) ⇒ (iii). Suppose that (iv) holds, that is,
N := sup
0≤r<1
(∫ r
0
υ(s)
ωˆ(s)p
s2n−1ds + 1
) 1
p
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
< ∞.
Since ω ∈ D, by Lemma 1, there exists b > 0 such that ωˆ(r)p
(1−r)b is essentially
increasing. Then∫ r
0
υ(s)
ωˆ(s)p
s2n−1ds &
(1 − r)b
ωˆ(r)p
∫ r
0
υ(s)
(1 − s)b s
2n−1ds.
Since υ ∈ D, there exist C > 1 and K > 1 such that
υˆ(r) ≥ Cυˆ(1 − 1 − r
K
).
Let rk = 1 − K−k, k = 0, 1, 2, · · · . For any r2 ≤ r < 1, there is an integer x = x(r)
such that rx ≤ r < rx+1. Then
(1 − r)b
∫ r
0
υ(s)
(1 − s)b s
2n−1ds ≥
x−1∑
k=0
∫ rk+1
rk
(
1 − r
1 − s
)b
υ(s)s2n−1ds
≥
x−1∑
k=0
r2n−1k
(
1 − rx+1
1 − rk
)b
(υˆ(rk) − υˆ(rk+1))
≥
x−1∑
k=0
r2n−1k
C − 1
CK(x+1−k)b
υˆ(rk)
≥
x−1∑
k=0
r2n−1k
(C − 1)Cx−1−k
K(x+1−k)b
υˆ(rx)
≥υˆ(r)C − 1
C2
x+1∑
s=2
r2n−1x+1−s
(
C
Kb
)s
≥r2n−1x−1 υˆ(r)
C − 1
K2b
≥ r2n−11 υˆ(r)
C − 1
K2b
.
So, when r ≥ r2, we have ∫ r
0
υ(s)
ωˆ(s)p
s2n−1ds &
υˆ(r)
ωˆ(r)p
.
Therefore,
sup
r2≤r<1
υˆ(r)
1
p
ωˆ(r)
(∫ 1
r
ω(s)q
υ(s)q−1
s2n−1ds
) 1
q
< ∞.
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When r < r2, (iii) holds obviously. The proof is complete. 
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